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We consider a two-level quantum system (qubit) which is
continuously measured by a detector and calculate the spec-
tral density of the detector output. In the weakly coupled
case the spectrum exhibits a moderate peak at the frequency
of quantum oscillations and a Lorentzian-shape increase of
the detector noise at low frequency. With increasing coupling
the spectrum transforms into a single Lorentzian correspond-
ing to random jumps between two states. We prove that the
Bayesian formalism for the selective evolution of the density
matrix gives the same spectrum as the conventional master
equation approach, despite the significant difference in inter-
pretation. The effects of the detector nonideality and the
finite-temperature environment are also discussed.
I. INTRODUCTION
The long-standing and still controversial problem of
quantum measurements1 is gradually becoming a prac-
tical issue due to the development of experimental tech-
niques capable of measurements at the quantum border
(see, e.g. Refs.2–7). The renewed interest in this subject
is caused by the needs of quantum computing,8 since the
measurement of an entangled and possibly evolving quan-
tum state by a realistic detector in a realistic environment
presents a nontrivial problem.
Despite the experimental proof2 of the violation of
Bell’s inequality9 that rejects the idea of hidden vari-
ables, the origin of the randomness of a quantum mea-
surement result (the problem known as the “wavefunc-
tion collapse”) remains controversial. Important insight
into this problem has been provided by the development
of the theory of continuous quantum measurement, which
generalizes the “orthodox” case10 of instantaneous mea-
surement. There are two different theoretical approaches.
In the first approach11 based on the theory of interac-
tion with a dissipative environment,12 the evolution of
the density matrix of the measured system is averaged
over a complete ensemble of measurements, thus leading
to the deterministic equation. This is the best-known
approach, at least in the solid-state community, and so
can be called “conventional”. The other approach13–17
(more developed in quantum optics) studies the random
evolution of the quantum state during a single realiza-
tion of the measurement, so that this evolution is con-
ditioned on (selected by) the particular measurement re-
sult. Recently18,19 the latter approach has been intro-
duced into the context of solid-state physics using the
new derivation based on the simple Bayesian analysis of
probabilities.
In the present paper this Bayesian formalism is applied
to the calculation of the spectral density of the detector
current when a two-level quantum system (qubit) is mea-
sured continuously. As a particular example, we consider
a double-quantum-dot occupied by one electron, the lo-
cation of which is measured by a quantum point contact
nearby.20,18 Another example of the setup is a single-
Cooper-pair box, being measured by a single-electron
transistor.21,19,22 One more possible example is the con-
tinuous measurement of two flux states of a SQUID by
another inductively coupled SQUID.23
We show that in the weak-coupling case when the
quantum (Rabi) oscillations of the qubit state are only
slightly perturbed by the detector, the corresponding
peak in the spectral density of the detector current can
be up to 4 times higher than the noise pedestal (see also
Ref.24). As the coupling increases, the Quantum Zeno
effect25 becomes significant leading to the Lorentzian
shape of the spectral density centered at zero frequency.
It is important to notice that there should be no dif-
ference between the predictions of the conventional ap-
proach and the approach of selective evolution unless the
measurement result affects the system evolution (for ex-
ample, via the feedback loop). We prove this equiva-
lence explicitly for the detector spectral density (if there
is no feedback). Despite the same final result, the in-
terpretations are different: in the Bayesian formalism a
significant contribution to the spectrum comes from the
correlation between the detector noise and the system
evolution, while this correlation is absent in the conven-
tional approach. In the paper we also discuss the exten-
sion of the Bayesian formalism to the case of additional
weak interaction of the two-level system with a finite-
temperature environment.24
II. BAYESIAN FORMALISM
For a two-level quantum system described by the
Hamiltonian
H0 = ε
2
(c†1c1 − c†2c2) +H(c†1c2 + c†2c1) (1)
(where ε is the energy asymmetry and H is the tunnel-
ing strength) the evolution of its density matrix ρij due
to continuous measurement is given in the conventional
approach11,12,20,21,24 by the equations
1
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FIG. 1. Schematic of a qubit continuously measured by a
detector with output signal I(t).
ρ˙11 = −2 H
h¯
Imρ12, ρ11 + ρ22 = 1, (2)
ρ˙12 = ı
ε
h¯
ρ12 + ı
H
h¯
(ρ11 − ρ22)− Γρ12, (3)
where the dephasing rate Γ due to measurement depends
on the type of the detector used.5,20,21,24,26–28
Eqs. (2)–(3) describe the averaged evolution. In con-
trast, to analyze the single measurement process we need
the selective (conditional) evolution of ρij which in the
Bayesian formalism is described by equations18
ρ˙11 = −2 H
h¯
Imρ12 +
2∆I
S0
ρ11ρ22[I(t) − I0], (4)
ρ˙12 = ı
ε
h¯
ρ12 + ı
H
h¯
(ρ11 − ρ22)
−∆I
S0
(ρ11 − ρ22)[I(t)− I0] ρ12 − γ ρ12, (5)
where I(t) is the detector current, I0 = (I1 + I2)/2, I1
and I2 are the average currents corresponding to two lo-
calized states of the qubit, ∆I = I1 − I2 (notice the
different sign in the definition used in Ref.18), and S0 is
the low-frequency spectral density of the detector shot
noise (which is assumed to be constant in the frequency
range of interest and to be practically independent of the
qubit state). The detector nonideality is described by the
dephasing contribution γ = Γ−(∆I)2/4S0 ≥ 0 due to in-
teraction with “pure environment” (which does not affect
the detector current). In particular, since Γ = (∆I)2/4S0
for symmetric quantum point contact (see Refs.20,5,24,26),
it represents an ideal detector,18 η = 1, where η = 1−γ/Γ
is the ideality factor. In contrast, the single-electron tran-
sistor in a typical operation point is a significantly non-
ideal detector, η ≪ 1.18,21,29 (Actually, for the single-
electron transistor Eq. (5) can be further improved,19
however, it does not make a difference for the purposes
of the present paper.) The SQUID can be an ideal de-
tector when its sensitivity is quantum-limited.30,31 Since
the typical output signal from the SQUID is the voltage
(not the current), this requires a minor modification of
the formalism; so in this paper we do not consider the
SQUID case explicitly even though all the results can be
easily translated into SQUID language.
Eqs. (4)–(5) allow us to calculate the evolution of ρij
if the detector output I(t) is known from the experi-
ment. In order to simulate the measurement we need
the replacement18
I(t)− I0 = ∆I(ρ11 − ρ22)/2 + ξ(t), (6)
where the random process ξ(t) has zero average and
“white” spectral density Sξ = S0.
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FIG. 2. Spectral density SI(ω) of the detector current for
weak coupling (α = 0.1) of an ideal detector (η = 1) with
a two-level system (ε/H = 0, 1, and 2). The results of the
Monte-Carlo calculations using Bayesian formalism are shown
by solid lines, while the dashed lines (almost coinciding with
solid lines) are calculated using the master equation approach.
Notice that in order to consider the detector as a
device with classical output signal, Eqs. (4)–(5) essen-
tially use the Markov approximation and assume that
the typical frequency of the internal detector evolution
(on the order of S0/e
2 ∼ I0/e) is much higher than
the typical frequency max(Ω,Γ) of ρij evolution (here
Ω ≡ √4H2 + ε2/h¯ is the frequency of unperturbed quan-
tum oscillations). In particular, this condition requires
the detector to be “weakly responding”, |∆I| ≪ I0, that
allows us to use the linear response approximation.
Averaging of Eqs. (4)–(5) over all possible measure-
ment results (i.e. over random contribution ξ(t)) reduces
them to Eqs. (2)–(3). Notice that the stochastic equa-
tions are written in Stratonovich form which preserves
the usual calculus rules, while averaging would be easier
in Itoˆ form.32
III. WEAK COUPLING
Using Eqs. (4)–(6) and the Monte-Carlo method (sim-
ilar to Ref.18) we can calculate in a straightforward way
the spectral density SI(ω) of the detector current I(t).
Solid lines in Fig. 2 show the results of such calcula-
tions for the ideal detector, η = 1, and weak coupling
between the qubit and the detector, α = 0.1, where
α ≡ h¯(∆I)2/8S0H (α is 8 times less than the param-
eter C introduced in Ref.18). One can see that in the
symmetric case, ε = 0, the peak at the frequency of quan-
tum oscillations is 4 times higher than the noise pedestal,
SI(Ω) = 5S0 while the peak width is determined by the
coupling strength α (see Fig. 5 below). In the asymmetric
case, ε 6= 0, the peak height decreases (Fig. 2), while the
additional Lorentzian-shape increase of SI(ω) appears at
low frequencies. The origin of this low-frequency feature
2
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FIG. 3. A particular realization of the evoltion of ρ11(t)
due to continuous measurement for ε/H = 1, α = 0.1 and
η = 1. Notice the fluctuation of both the phase and the
asymmetry of oscillations.
is the slow fluctuation of the asymmetry of ρ11 oscilla-
tions (Fig. 3). In case ε = 0 the amplitude of ρ11 oscilla-
tions is maximal (see thick line in Fig. 4a), hence there is
no such asymmetry and the low-frequency feature is ab-
sent, while the spectral peak at the frequency of quantum
oscillation is maximally high.
In order to understand the factor 4 for the maximum
peak height, let us consider the case α ≪ 1, ε = 0, and
η = 1. Then the selective evolution can be written as the
quantum oscillations with slowly fluctuating phase ϕ(t):
z(t) ≡ ρ11(t)− ρ22(t) = cosφ(t), φ = Ωt+ ϕ(t), (7)
ρ12 = (ı/2) sinφ(t) (8)
(the state becomes pure18 after an initial transient period
since η = 1, while the real part of ρ12 decays because of
ε = 0). From Eqs. (4) and (6) we obtain the random
phase dynamics:
ϕ˙ = − sinφ ∆I
S0
[cosφ
∆I
2
+ ξ(t)]. (9)
Since (∆I)2/2S0 ≪ Ω, we can neglect the first
term in the square brackets and average the sec-
ond contribution over φ that leads to the white
spectrum of ϕ˙: Sϕ˙(ω) = (∆I)
2/2S0. Then the
correlation function Kz(τ) ≡ 〈z(t)z(t + τ)〉 can
be calculated as Kz(τ) = cos(Ωτ)〈cos∆ϕ(τ)〉/2 =
cos(Ωτ) exp[−(∆I)2τ/8S0]/2 and the spectral density
Sz(ω) ≡ 2
∫∞
−∞
Kz(τ) exp(ıωτ)dτ has a peak in the vicin-
ity of the oscillation frequency, |ω − Ω| ≪ Ω:
Sz(ω) =
8S0
(∆I)2
1
1 + [8S0(ω − Ω)/(∆I)2]2 . (10)
The detector current is given by Eq. (6), so its spectral
density consists of three contributions:
SI(ω) = S0 +
∆I2
4
Sz(ω) +
∆I
2
[Sξz(ω) + Szξ(ω)], (11)
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FIG. 4. A particular realization of ρ11 evolution (thick line)
and the corresponding detector output I(t) (thin solid, dot-
ted, and dashed lines) averaged using rectangular windows
with different time constants τa. (a) – weak coupling case,
α = 0.1, (b) – strong coupling case, α = 5.
where the last contribution originates from the cor-
relation between ρij evolution and the detector noise
ξ(t). To calculate the correlation function Kξz(τ) ≡
〈ξ(t)z(t + τ)〉 for τ > 0, we need to take into ac-
count the phase shift dϕ = − sinφ∆IS−10 ξ(t)dt dur-
ing even infinitesimally small time duration dt, since
the amplitude of the stochastic function ξ(t) grows
with the timescale decrease, ξ(t)2dt = S0/2. Us-
ing trigonometric formulas and linear expansion in
dϕ we obtain 〈ξ(t) cos[φ(t) + dφ + Ωτ + ∆ϕ(τ)]〉 =
∆IS−10 〈ξ(t)2dt〉〈sin φ(t) sin[φ(t)+Ωτ ]〉〈cos ∆ϕ(τ)〉 and fi-
nally Kξz(τ) = ∆I cos(Ωτ) exp[−(∆I)2τ/8S0]/4. After
the Fourier transformation one finds that the correlation
between ξ(t) and z(t) brings exactly the same contribu-
tion to the detector spectral density (see Eq. (11)) as the
term due to z(t) evolution, so that
SI(ω) = S0 +
4S0
1 + [8S0(ω − Ω)/(∆I)2]2 . (12)
Thus, the peak corresponding to quantum oscillations is
4 times higher than the noise background, while its full
width at half height is equal to (∆I)2/4S0 = αΩ (the
same peak width has been calculated in Ref.33). The
integral under the peak,
∫ ∞
0
[S(ω)− S0]dω
2pi
=
(∆I)2
4
, (13)
3
has an obvious relation to the average square of the detec-
tor current variation due to oscillations in the measured
system. Notice, however, that this integral is twice as
large as one would expect from the classical harmonic
signal, since one half of the peak height comes from non-
classical correlation between the qubit evolution and the
detector noise. Classically, Eq. (13) would be easily un-
derstood if the signal was not harmonic but rectangular-
like, which is obviously not the case. Actually, the detec-
tor current shows neither clear harmonic nor rectangular
signal distinguishable from the intrinsic noise contribu-
tion. Figure 4a shows the simulation of ρ11 evolution
(thick line) together with the detector current I(t). Since
I(t) contains white noise, it necessarily requires some av-
eraging. Thin solid, dotted, and dashed lines show the
detector current averaged with different time constants
τa: τaΩ/2pi = 0.3, 1, and 3, respectively. For weak aver-
aging the signal is too noisy, while for strong averaging
individual oscillation periods cannot be resolved either,
so quantum oscillations can never be observed directly by
a continuous measurement (although they can be calcu-
lated using Eqs. (4)–(5)). This unobservability is revealed
in the relatively low peak height of the spectral density
of the detector current.
IV. ARBITRARY COUPLING
The situation changes as the coupling between the de-
tector and qubit increases, α >∼ 1. The strong influ-
ence of measurement destroys quantum oscillations, and
the Quantum Zeno effect25 develops, so that for α ≫ 1
the qubit performs random jumps between two localized
states (see Fig. 4b). In this case the properly averaged
detector current follows pretty well the evolution of the
qubit (however, the unsuccessful tunneling “attempts”
still cannot be directly resolved), and the spectral den-
sity of I(t) can be calculated using the classical theory
of telegraph noise34 leading to the Lorentzian shape of
SI(ω). Figure 5a shows the gradual transformation of the
spectral density with the increase of the coupling α for
a symmetric qubit, ε = 0, and an ideal detector, η = 1.
The results for an asymmetric qubit, ε/H = 1, are shown
in Fig. 5b.
The curves in Fig. 5 as well as the dashed curves in Fig.
2 are calculated using the conventional master equation
approach which gives the same results for the detector
spectral density as the Bayesian formalism (we will prove
this later). In the conventional approach we should as-
sume no correlation between the detector noise and the
qubit evolution (the last term in Eq. (11) is absent) while
the correlation function Kzˆ(τ) should be calculated con-
sidering z(t) not as an ordinary function but as an oper-
ator. Then the calculation of 〈zˆ(t)zˆ(t+ τ)〉 can be essen-
tially interpreted as follows. The first (in time) operator
zˆ(t) collapses the qubit into one of two eigenstates which
correspond to localized states, then during time τ the
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FIG. 5. The detector current spectral density SI(ω) for
η = 1 and different coupling α with (a) symmetric (ε = 0)
and (b) asymmetric (ε/H = 1) qubit.
qubit performs the evolution described by conventional
Eqs. (2)–(3), and finally the second operator zˆ(t+τ) gives
the probability for the qubit to be measured in one of two
localized states. (Of course, this procedure can be done
purely formally,24 without any interpretation.) Notice
that there is complete symmetry between states “1” and
“2” even for ε 6= 0 (in particular, in the stationary state
ρ11 = ρ22 = 1/2), so the evolution after the first col-
lapse can be started from any localized state leading to
the same contribution to the correlation function. In this
way we obviously get Kzˆ(τ) = ρ11(τ) − ρ22(τ) where ρii
is the solution of Eqs. (2)–(3) with the initial conditions
ρ11(0) = 1 and ρ12(0) = 0.
For the symmetric qubit, ε = 0, these equations can
be easily solved analytically, and finally we obtain:
SI(ω) = S0 +
Ω2(∆I)2Γ
(ω2 − Ω2)2 + Γ2ω2 , (14)
where Γ = η−1(∆I)2/4S0 = αη
−1Ω. This equation obvi-
ously transforms into Eq. (12) for η = 1 and α ≪ 1.
Notice that for weak coupling with a nonideal detec-
tor, η < 1 and αη−1 ≪ 1, the peak height of SI(ω) is
equal to 4ηS0, while the linewidth αη
−1Ω of the peak
is η−1 times wider than for the ideal detector. As the
4
coupling increases, the linewidth grows and the oscilla-
tion frequency decreases:33 ωosc = Ω[1 − (α/2η)2)1/2].
The transition into the overdamped regime occurs at
αη−1 > 2 while the peak-like feature disappears at
αη−1 >
√
2. For αη−1 > 2 the spectral density con-
sists of two Lorentzians [ω1,2 = Γ/2 ∓ (Γ2/4 − Ω2)1/2]
centered at zero frequency, with the negative sign and
the smaller amplitude A2 of the second Lorentzian which
has higher cutoff frequency, A2/A1 = −ω1/ω2. In the
case αη−1 ≫ 1, which corresponds to the well developed
Quantum Zeno effect, SI(ω)− S0 has purely Lorentzian
shape (∆I)2ω1/(ω
2 + ω21) with ω1 = Ω
2/Γ = Ωη/α.
For the asymmetric qubit, ε 6= 0, the spectral density
can in principle also be calculated analytically but the
expressions would be too lengthy and it is simpler to
use numerical solution of Eqs. (2)–(3). The analytical
formula for the weak coupling limit is
SI(ω) = S0 +
ηS0ε
2/H2
1 + (ωh¯2Ω2/4H2Γ)2
+
4ηS0(1 + ε
2/2H2)−1
1 + [(ω − Ω)/Γ(1− 2H2/h¯2Ω2)]2 . (15)
The spectral peak and the low-frequency Lorentzian be-
come wider with the coupling increase since Γ = αη−1Ω,
and for |ε/H | < 1/√2 the overdamped regime starts
from Γ = Γ1 where Γ
2
1,2 = (Ω
2/2a)[b ∓ (b2 − 4a)1/2],
b ≡ 1/4 − 27a2/4 + 9a/2, a ≡ ε2/(4H2 + ε2). At
Γ > Γ2 the dynamics formally returns to the under-
damped regime, however, the peak linewidth is much
larger than the frequency and so SI(ω) is monotonous.
For |ε/H | > 1/√2 the overdamped regime does not oc-
cur. In both cases in the limit of large Γ the spectral
density has almost Lorentzian shape with the cutoff fre-
quency ω1 = 4H
2/h¯2Γ.
One can check that the spectral densities given by Eqs.
(14) and (15) satisfy the integral condition (13), which
remains valid for arbitrary parameters α, ε/H , and η,
because of the equation KI(+0) = (∆I/2)
2.
V. EQUIVALENCE OF TWO APPROACHES
Comparing two derivations of SI(ω) in the case α≪ 1,
η = 1, and ε = 0, we see that Kzˆ(τ) is twice larger than
Kz(τ) because in the conventional approach the evolu-
tion always starts from the localized state while in the
Bayesian approach it starts from arbitrary phase of quan-
tum oscillations. This difference exactly compensates for
the absence of the last term in Eq. (11) in the conven-
tional approach.
Let us prove explicitly that the two approaches give
the same result for SI(ω) in a general case. In order to
calculate Kξz(τ) for τ > 0 using the Bayesian formalism,
let us first average the product ξ(t0)z(t0+τ) over random
ξ(t) during time period t0 < t < t0 + τ , fixing the same
conditions at t = t0. Then we can use conventional Eqs.
(2)–(3) [regarded as Eqs. (4)–(6) averaged over random
ξ(t)] with the initial condition ρij(t0+0) = ρij(t0)+dρij
where
dz = ∆I S−10 [1− z2(t0)] ξ(t0) dt, (16)
dρ12 = −∆I S−10 z(t0) ρ12(t0) ξ(t0) dt (17)
(for simplicity we will refer to z ≡ ρ11 − ρ22 as a
component of ρij). Since the sign of ξ(t0) is arbitrary
and averaged evolution equations are linear, we need
only the fluctuating contribution to ρij(t0 + 0) and,
hence, can formally assume that the evolution starts from
ρij(t0 + 0) = dρij (notice that we can forget the condi-
tion ρ11 + ρ22 = 1 and use only z and ρ12). Using the
relation ξ(t0)
2dt = S0/2 and the evolution linearity, we
can formally write
Kξz(τ) = (∆I/2)〈z˜(t0 + τ)〉, (18)
where ρ˜ij satisfies Eqs. (2)–(3) with z˜(t0) = 1 − z(t0)2
and ρ˜12(t0) = −z(t0)ρ12(t0), and the averaging over
the initial conditions at t = t0 should still be done
later. Before that let us do a similar formal trick for
Kz(τ) representing it as 〈z˜(t0 + τ)〉 where the evolution
starts from z˜(t0) = z(t0)
2 and ρ˜12(t0) = z(t0)ρ12(t0).
Now combining two terms in the detector current cor-
relation function KI(τ) ≡ 〈I(t0)I(t0 + τ)〉 − 〈I〉2 =
(∆I/2)2Kz(τ) + (∆I/2)Kξz(τ) (here τ > 0), we see that
it can be written as (∆I/2)2〈z˜(t0 + τ)〉 where z˜(t0) = 1
and ρ˜12(t0) = 0. Thus we have exactly arrived at the
expression of the conventional approach, in which the
evolution always starts from the localized state, regard-
less of the actual quantum state at t = t0. This proof
is obviously valid for arbitrary α, η, and ε/H . Despite
the same result in two approaches, the interpretations
are quite different since the Bayesian approach allows
us to follow the qubit evolution during the measurement
process, while the conventional approach gives only the
average characteristics.
VI. FINITE-TEMPERATURE ENVIRONMENT
In this section we will discuss how to introduce the
finite-temperature environment into Eqs. (4)–(6) of the
Bayesian formalism. Notice that so far there has been
complete symmetry between the states “1” and “2” even
for finite energy difference ε, while the finite tempera-
ture effects would be expected to lead to different aver-
age populations of these states. Such symmetry requires
an implicit assumption that the typical energy in the de-
tector (voltage or temperature) is much larger than the
energies involved in the qubit dynamics. So, the absence
of temperature in the formalism does not mean that it is
zero or very large, it just means that the temperature ef-
fects are not important. Now let us assume that besides
the detector, the qubit is coupled to an additional finite-
temperature environment, which creates an asymmetry
between states “1” and “2” when ε 6= 0.
5
While the case of finite coupling of a two-level system
with an environment presents a really difficult problem,12
the weak coupling limit can be treated in a simple way.
In the standard method35 it is described by the equations
ρ˙++ = −γ1(ρ++ − pst), ρ++ + ρ−− = 1, (19)
ρ˙+− = ıΩρ+− − γ2ρ+−, (20)
which are written in the diagonal basis (“+” corresponds
to the ground state). The temperature T determines the
stationary occupation pst = [1 + exp(−h¯Ω/T )]−1 of the
ground state, and the relaxation rates obey inequality35
γ1/2 ≤ γ2 ≪ Ω.
If the coupling of the qubit with the detector is also
weak, αη−1 ≪ 1, the evolution due to extra finite-
temperature environment can be simply added to the
evolution due to measurement. For this purpose Eqs.
(19)–(20) should be translated into the basis of localized
states, so the terms
−(A2γ1 +B2γ2)(ρ11 − 1/2)− γ1A(1/2− pst)
+AB(γ1 − γ2)Reρ12, (21)
where A ≡ ε/h¯Ω, B ≡ 2H/h¯Ω,
should be added into Eq. (4) for ρ˙11 and the terms
−(A2γ2 +B2γ1)Reρ12 +AB(ρ11 − ρ22)(γ1 − γ2)/2
+γ1B(1/2− pst)− ıγ2 Imρ12 (22)
should be added into Eq. (5) for ρ˙12. The same terms
should obviously be added into Eqs. (2)–(3) for the con-
ventional approach. (Of course, this generalization is
purely phenomenological and is limited to the weak cou-
pling regime, so the effect of Eqs. (21)–(22) can be consid-
ered only at the timescale longer than oscillation period.)
In the generalized case it is still possible to prove
that the results of the Bayesian formalism for the detec-
tor current spectral density SI(ω) exactly coincide with
the results of the conventional approach. The essen-
tial difference from the proof above is nonzero station-
ary solution (zst, ρ12,st) of modified Eqs. (2)–(3) when
pst 6= 1/2. It is convenient to consider homogeneous evo-
lution equations (with pst = 1/2) simply shifting z(t)
and ρ12(t) by the stationary values. Using the same
idea as in the proof above we can show that in the
Bayesian approach KI(τ) for τ > 0 can be written as
(∆I/2)2〈z˜(t0+τ)〉 where ρ˜ij satisfies homogeneous mod-
ified Eqs. (2)–(3) with z˜(t0) = 1 − 2zstz(t0) + z2st and
ρ˜12(t0) = −z(t0)ρ12,st − zstρ12(t0) + zstρ12,st. After the
averaging over initial states these initial conditions can
be replaced with z˜(t0) = 1−z2st and ρ˜12(t0) = −zstρ12,st.
Now let us show that we get the same KI(τ) in the
conventional approach. With the probability (1 + zst)/2
the first operator zˆ(t0) localizes the qubit into the state
“1”. Then the initial state for the homogeneous equa-
tions is z˜(t0) = 1 − zst, ρ˜12(t0) = −ρ12,st. With the
probability (1−zst)/2 the evolution starts from the state
“2”, i.e. z˜(t0) = −1− zst, ρ˜12(t0) = −ρ12,st. Adding two
contributions with opposite signs we see again that for
τ > 0, KI(τ) = (∆I/2)
2z˜(t0 + τ) where z˜ can be found
as a solution of Eqs. (2)–(3) modified by Eqs. (21)–(22)
without inhomogeneous terms, with the initial condition
z˜(t0) = 1 − z2st and ρ˜12(t0) = −zstρ12,st. Thus, the cor-
relation function KI(τ) and, hence, the spectral density
SI(ω) coincide in the two approaches.
It is technically simpler to consider the averaged evo-
lution in the diagonal basis rather than in the basis of
localized states [for this purpose we need to translate the
term −Γρ12 from Eq. (3) into the diagonal basis and add
it into Eqs. (19)–(20)]. So, to calculate the correlation
function Kzˆ(τ) analytically, we start the evolution from
one of the localized states, then consider the averaged
evolution in the diagonal basis (neglecting the rapidly
oscillating terms due to measurement), and make the sec-
ond projection onto localized states at t = τ . Finally we
obtain the result24
SI(ω) = S0 +
(∆I)2
Wt
[
ε2
h¯2Ω2
− z2st
]
1
1 + (w/Wt)2
+
2(∆I)2H2
W0h¯
2Ω2
1
1 + [(ω − Ω)/W0]2 (23)
where
zst =
ε
h¯Ω
1
1 + 4H2Γ/γ1h¯
2Ω2
tanh(
h¯Ω
2T
), (24)
Wt = γ1 +
4ΓH2
h¯2Ω2
, (25)
W0 = γ2 +
Γ
2
(1 +
ε2
h¯2Ω2
). (26)
Let us emphasize that the effect of finite-temperature
environment is not generally equivalent to the nonideality
of the detector described by finite γ in Eq. (5). As an
example, in the case of extra environment the right hand
part of Eq. (13) should be multiplied by the factor 1−z2st
which disappears (zst = 0) only if T =∞ or ε = 0.
Comparing Eqs. (23) and (15) one can see that within
the accuracy of weak coupling approximation the change
of SI(ω) due to extra environment can be reduced to the
detector nonideality, η < 1, in two cases. If |ε/H | ≪ 1,
then Eqs. (23) and (15) coincide at arbitrary tempera-
ture T for η = (1 + 2γ2/αΩ)
−1. For asymmetric qubit,
|ε/H | >∼ 1, the equivalence is possible only at high tem-
peratures, T ≫ h¯Ω, and requires conditions
γ2 = γ1(1 + ε
2/2H2)/2, (27)
η−1 = 1 + (1 + ε2/4H2)3/2γ1/αΩ. (28)
Figure 6 shows the numerically calculated spectral den-
sity SI(ω) of the detector current for a nonideal detector,
η = 0.5 (dashed lines) and for an ideal detector but extra
coupling of the qubit to the environment at temperature
T = H (solid lines). The rates γ1 and γ2 are chosen ac-
cording to Eqs. (27) and (28). For the symmetric qubit,
ε = 0, the results of two models practically coincide. In
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FIG. 6. Spectral density SI(ω) for the nonideal detec-
tor (dashed lines) and for the case of the ideal detector and
weak extra coupling with the finite-temperature environment,
T = H (solid lines).
contrast, the solid and dashed lines for ε = 2H signif-
icantly differ from each other at low frequencies, while
the spectral peak at ω ∼ Ω is fitted quite well.
VII. CONCLUSION
Using both Bayesian and conventional approaches, we
have calculated the spectral density SI(ω) of the detector
current when a two-level quantum system (qubit) is mea-
sured continuously. Depending on the coupling strength,
there is a gradual transition from quantum oscillations
to quantum jumps. This results in a transition from
the peak-like spectral density to the Lorentzian shape of
SI(ω). The maximal height of the peak at the frequency
of quantum oscillation is shown to be 4 times the shot
noise pedestal (see also Ref.24).
In the simple case of weak coupling between a symmet-
ric qubit and an ideal detector, the height of the spectral
peak is twice as high as the classical result for a har-
monic signal. In the Bayesian approach this is explained
by the significant correlation between the detector noise
and the further evolution of the measured system due to
quantum back-action. In contrast, in the conventional
approach this fact is the consequence of discrete eigen-
values of zˆ operator, which corresponds to the magnitude
measured by the detector. (In other words, this opera-
tor “collapses” the system into one of two eigenstates,
and that is why the averaged product of two operators
is twice as large as that for a classical harmonic signal.)
So, even though the results for SI(ω) coincide in two
approaches, the interpretations are significantly different
since the “abrupt” collapse is replaced in the Bayesian ap-
proach by the “continuous” collapse related to the noisy
detector output.
It is important to notice that the Bayesian formalism
allows us to monitor continuously the phase of quantum
oscillations. This makes it possible to tune the phase us-
ing the feedback control of the qubit parameters. If the
real-time calculations using Eqs. (4)–(5) and fast feed-
back loop were available in an experiment (the typical
bandwidth should be larger than Γ) then the random
diffusion of the oscillation phase could be eliminated and
the qubit could “stay fresh” for a very long time. The
suppression of qubit dephasing using the feedback control
of the tunneling strength H has been confirmed by the
Monte-Carlo simulations. The elimination of the phase
diffusion gives rise to the δ-function peak in the detec-
tor spectral density SI(ω) at the frequency Ω. A de-
tailed analysis of this situation is beyond the scope of
the present paper.
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